On the Convergence Rate of the Unscented

Transformation

Kwang Woo AHN
Division of Biostatistics

Medical College of Wisconsin, Milwaukee, WI 53226

email: kwooahn@mcw.edu

Kung—Sik CHAN
Department of Statistics and Actuarial Science
The University of lowa, Iowa City, lowa 52242

email: kung-sik-chanQuiowa.edu

July 25, 2011

Abstract

Nonlinear state-space models driven by differential equations have been widely used
in science. Their statistical inference generally requires computing the mean and co-
variance matrix of some nonlinear function of the state variables, which can be done in
several ways. For example, such computations may be approximately done by Monte
Carlo, which is rather computationally expensive. Linear approximation by the first
order Taylor expansion is a fast alternative. However, the approximation error be-

comes non-negligible with strongly nonlinear functions. Unscented transformation was



proposed by Julier and Uhlmann (1997) to overcome these difficulties, but it lacks of
theoretical justification. In this paper, we derive some theoretical properties of the
unscented transformation and contrast it with the method of linear approximation.

Particularly, we derive the convergence rate of the unscented transformation.

KEYWORDS: Unscented transformation; nonlinear transformation; Monte Carlo; Linear ap-

proximation.

1. INTRODUCTION

Many scientific studies employ nonlinear state-space models for describing the dynamics
of a continuous-time state process driven by a system of an ordinary differential equation
(Diekmann and Heesterbeek 2000; Simon 2006). Simulation based methods such as sequen-
tial Monte Carlo methods have been popular for estimating such models, but it is computa-
tionally expensive (Doucet, deFreitas and Gordon 2001). In the engineering literature, the
extended Kalman filter (EKF) has been proposed as a fast alternative, but it approximates
the nonlinear system by its first order Taylor expansion, which is subject to rapidly increasing
approximation errors with the degree of nonlinearity. To overcome these difficulties, Julier
and Uhlmann (1997) proposed the unscented Kalman filter (UKF). The UKF mimics the
updating scheme of the Kalman filter, with each updating step requiring the computation
of the mean and covariance matrix, of some nonlinear function of the state vector, which
is done via the unscented transformation (UT). In contrast with Monte Carlo methods, the
UT makes use of a small number of deterministic “sigma points” in estimating the mean
and covariance matrix of some nonlinearly transformed random variable. Empirical works
suggest that the UKF is a promising technique with satisfactory performance, see Julier and
Uhlmann (1997), Julier and Uhlmann (2004), and Wan and van der Merwe (2000). However,
theoretical justification of the UKF is lacking.

Since the UT plays a pivotal role in the UKF, it is essential to study the theoretical prop-

erties of the UT. As the UT is used for approximately computing the mean and covariance



matrix of some nonlinear transformation of the state vector over a small time step, denoted
by h, the main issue we address here concerns the error rate of the UT approximation as
h — 0. In Section [2| we elaborate the definition of the UT. The error rates of the UT are

then derived in Section [3] We conclude briefly in Section

2. UNSCENTED TRANSFORMATION

The UT is an approximate scheme for computing the mean and covariance matrix of y =
f(x), where x is a a ¢ x 1 random vector with known mean E(x) and covariance matrix P,
and f: Q — R?is a ¢ x 1 vector function, ie. f = (fi,...,f;), where R is a set of real
numbers and 2 C R¢ is the sample space of x, i.e. P(x € Q) = 1. Let P, and Py, be
the covariance matrix of y and the covariance matrix between x and y, respectively. For a

constant A\ > —c¢, the sigma points X0, ..., %% are defined as follows:

x0 = E(x), x" = B(x) +x%,i=1,...,2
T

: >“<<C+ﬂ'>:—( (c+)\)P>',j:1,...,c,

J

%0 = ( (c+>\)P>#

J

where /(¢ + AP is the matrix square root of (¢ + A)P such that
T
( (c+>\)P> ( (c+/\)P> — (c+ NP
and ( (c+ )\)P), is the jth row of y/(c+ A\)P. Here, \/(c+ A)P can be obtained by
j

the Cholesky decomposition or singular value decomposition. The constant A controls the
distance between the sigma points and E(x). If A = —c¢, the sigma points tend to be closer
to E(x). If A — oo, the sigma points tend to be further away from E(x). Hence, A is a
tuning parameter that controls the error between the true mean or covariance matrices and
their UT approximations to be defined below. Let 3@ = f(x%), i = 0,...,2¢c. The UT
formulas for the approximate mean y, covariance matrix f’y of y, and covariance matrix f’xy

between x and y are

2c
Z Wiyl By =3 Wit -y -y,

2¢c
Py =) WORY - Ex)F" -3,
=0



where WO = \/(c+\), WO =1/(2¢+2)), i = 1,...,2c. Hence, the UT estimates are
weighted sample analogues based on the sigma points, see Simon (2006). On the other hand,
the linear approximation scheme used by the EKF approximates the mean and covariance

matrices via the first order Taylor expansion, resulting in the following formulas:
y. = f(E(x)), Py, = HPH' P,,, = PH (2)

for estimating E(y), Py, and Py, respectively, where H is the Jacobian matrix of f evaluated
at F(x). Clearly the preceding UT method is computationally more efficient than the Monte
Carlo simulation. In addition, the UT does not require calculating the Jacobian matrix.
Below, we show that the UT method provides more accurate approximation than linear

approximation, see Section [3]

3. PROPERTIES OF UT
Define x = x—E(x) = (21 —E(21), ..., 2.—E(z.))T. The derivative 0 f (E(x))/(0z%" - - - Oxke)
is the derivative of f evaluated at E(x) where i = 25:1 k;, and k;’s are non-negative integers.
Assume f is an analytic function over €. Then, the Taylor series of f around E(x) is given
as follows:

£ = J(E) + (xa% et a% ) 1B

Define D% f as .

Dif = (;%%)kfm(x)).
We assume that DX f is integrable on © for any non-negative integer k. We also assume that
there exists Y with finite absolute first moment such that | Y7" D% f/i!] <Y a.e. on € for all
m. Since Y ;" D% f /il — f, we have lim,, oo E(> 1" D% f /i) = limy, oo > iy E(DLf/i!) =
E{f(x)} by the dominated convergence theorem. In practice, these conditions are satisfied
if 1) there exists a constant Q > 0 such that E|#¥ ... &% | < Q%1% for any non-negative

integers k;; ii) for all j, 1 < j < g, there exists some constant R > 0

iz ki £, .
8 1 f] S RZ’L'Zl ki’
ozt ... Qake
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for any non-negative integers k;, 1 < j < c. Thus, we can derive the following results:

B(y) = / Q,ZZ g (B0 + Y S EIDLA )

y = 1(B6) + % I T (E) (@)

where P; is the (i, 7)th entry of P. We consider the case that the random variable x = xy,
is indexed by a positive number h such that x = E(x) + o,(h) where E(x) is independent
of h, in which case equation provides an heuristic expansion of E(y) = E{f(x)} with
summands of orders A7, j = 0,1, ---. The order of the error rate of the UT estimator of E(y)
may then be studied by comparing Equations and . If x has a symmetric distribution
about its mean F(x), we have

Ely) = ;ZZ U 0T 8:10 +ZQL 2]f (5)

i=1 j=1 j=2
Define A = {(a,b)|a,b € N but (a,b) # (1,1)} and B = {(a,b)|a,b € N, but a # 1,b #
1, (a,b) # (2,2)} where N is the set of natural numbers. Then, we have
Py — HPH' — JE(DE/)B(DLN" +E[ 3 - (DLh)(DLf)']
(ij)ed

[ X EwnEDLT)

(i,j)eB "

y =HPH" — “E(D{f)E(DLf)"

1 1 k Y4 T
+ 2(c+ ) Z [ Z M(Di(i)f>(D,}(i)f) }

=1 k+f= even
(k,L)eA

-y [(2k,) S CH ZZ (D2, 1)(DZ )"

(k’g)e =1 ] 1




If the distribution of x is symmetric about its mean,

P, = HPH” — iE(Dif)E(D?{f)T + E[ > ﬁ(Dif)(Dif)T

1+j= even

(i,5)€A 0
1 . ;
| 22, R O]
(i.9)EA
In addition,
1.7 N
Py = PHT 43 g[x(0as) |
x 2c (8)

. > 1 1 T
P, — PH” <D2k+1 ) .
y +;(2]€+1)'2(C+>\); x(1) f
When the distribution of x is symmetric about the mean E(x),
P,, — PH? + f: _1 g [x (D%i+1 f) T] . 9)
y £ (2i+1)! x

Detailed derivations of —@ can be found in Appendix. From —@D, we have the following

lemma:
Lemma 1. Assume that
1. f is an analytic function;
2. DEf is integrable on Q for any non-negative integer k;

3. there exists Y with finite absolute first moment such that | >"" D% f/il| <Y a.e. on
Q for all m.

Then,

1 B(y) =¥ = 252 R EDLf] — 5 20t X500 @i Dato /5

2. Py = Py = B| S pyen i (DLNDLT| = | Lyen  BDLN BDLS)T |
~ iy Sita | Seges e (Db (D ')
+ 2 (ke [WW S > (D )(Df{fﬁf)ﬂ ;



. - AT . e T
5. Pry = Pry = X35, 5B|%(DLf) | = S0 iy Sia %0 (D2 )
Furthermore, if the distribution of x is symmetric about the mean F(x), then
L E(y) =¥ = 3% g PIDZ ] = s 2 5% g Do

2. Py — Py = E[Zi—&—jz even 3 I(‘DZ f)(Dng)T}
(g)ea
~ | Zener mimm E(D%:f)E(D?Jf)T}
Q(Ci)\) Z?il [ZkJrfz) exen Al (Dk( )f)(DZ f) ]

2c
- Z(W)GA [(2@)(20 c+)\ (c+N)? Z Zj: (Dilfz)f)(Difﬂf)T} ;

. 3 . T e o N T
3. Pay = Pxy =370, mE[X(D?{ Hf) ] — 2 EEr sy e XU (D%Jl ) :
For the linear approximation scheme defined by , we have the following parallel results:

Lemma 2. Under the same conditions of Lemma (1, the linear approximation based on the

first order Taylor expansion enjoys the following properties:
A c c 2
1. BE(y) —yr = %21:1 Zj:l Pijax?az f(E(x)) + Zg =3 JluE[D] fl;

2. Py —Pyy = —LE(DLN)EDLT + B| ¥ jyen (Dl (DL
| Cies i BDLN BDLA

A ) T
3. ny - ny,L = 2?02 ,E[ (Dizf) ]
If the distribution of x 1is, furthermore, symmetric about its mean, then
1. E(y) = y1.= 5 21 Y1 Pgacgs J(EX)) + 232, i EIDZ 1]

2. Py —Pyy = —LBDLN)EDL) + B[ Sitim con (D f><Dz~;f>T}

4 (4,5)€A
Z(i,j)EA (21')( (D2Zf) (Dijf)ﬂ ;

N . T
3. ny — ny,L == Zi:l mE[X(D}Q{A_lf) :| .



Remark 1. These results show that the UT estimator of the mean E(y) = E{f(x)} matches
the true value correctly up to the second order terms in the expansion (@ whereas the esti-
mator from linearization of f(E(x)) only matches the true mean up to the first order term.
If the distribution of x is symmetric about its mean, the UT estimator of E(y) matches the
true value correctly up to the third order terms in the expansion. The UT estimator of the
covariance matriz Py matches more terms than its linear approzimation counterpart. For
approximating Py, the UT estimators and its linear approzimation counterpart provide the
same order of approximation. Nevertheless, in all cases, the UT estimator has other terms
to compensate for the remaining higher-order terms. This compensation appears to be better

when x has a symmetric distribution about its mean.

Remark 2. Lemmall] shows that if X is close to —c or very large, bias may be severe unless
the nonlinearity of f is minimal. Choosing an optimal X\ is a difficult problem because it
1s generally infeasible to calculate the expectations stated in Lemma (1) for a nonlinear f.

However, they can be calculated for certain distributions, for example, normal distributions.

ke

ce) can be expressed as a function of the components of P, see

When x is normal, E(z% - 2
Isserlis (1918), Holmquist (1988), and Triantafyllopoulos (2003). So we can calculate the

mean squared error (MSE) in this case. From Lemma |1}, the bias can be approximated as

E(y) =y~ >0, /(2§ EIDY f] = 1/(2c+2)) 300, 307, 1/(24)! D3, f for some m, where
the first term can be expressed as a function of the components of P. The corresponding

variance can be derived based on . Then, we can minimize the MSE to obtain an optimal

A.
Next, define Dy as follows:
Definition 1.
D, = {f : Q C R = RIf is a polynomial of degree at most k}

Theorem 3. 1. If f € Dy, theny = E(y). In addition, if the distribution of x is

symmetric about its mean and f € D3, then, y=E(y).
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2. If f € Dy, i.e., f is linear, then lsy =Py and 15xy = Pyy.
Proof. This follows from the Taylor series expansions in (3)—(9). O

The UKF has been applied for estimating a nonlinear state-space model where the state
equation is an ordinary differential equation or a stochastic differential equation with ob-
servations at time ty,...,t,, where t;,7 —t; = h for i = 1,...,n — 1, where, with no loss
of generality, h < 1. To solve these differential equations, one may discretize the system
equation using the Euler method or Runge-Kutta method (Boyce and DiPrima 2004), which
results in the case that conditionally x has a covariance matrix P = hP* for some h-free
positive definite matrix P*. Thus, it is interesting to compare the error rates of the UT
estimators of E(y) = E{f(x)}, Py, Py, and their counterparts from linear approximation
when P = hP*. We allow that f may depend on h. For simplicity, we assume that the

distribution of x is symmetric about its mean. Then, we can obtain the following theorem:
Theorem 4. Suppose P = hP* and x has a symmetric distribution about its mean. Assume

1. there exists a h-free constant M > 0 such that E|Z" ... &% | < B2M? | for any non-

negative integers k; where Y0, kj = i;

2. forall j, 1 <75 <gq, and for all 0 < h <1, there exists some h-free constant K > 0,

0'f;(E(x))

| = Ki7
Oxy* - - - Oxke
for any non-negative integers k;, 1 < j < c, where i = 25:1 k;.
Then,
E(y) —y = O(h?), Py — P, = O(h?), Py, — Py, = O(h?),
E<y) - }A’L = O<h)7 Py - Py,L = O<h2)7 ny - ]-Sxy,L = O(h2)
Proof. See Appendix. n

Remark 5. Condition 1 of Theorem is motivated by the fact that #* --- ke = O, (h'/?)
because T; = Op(\/ﬁ). Condition 2 of Thearem is satisfied if the function f is a polynomial.



Remark 6. Theorem |4 shows that the UT estimator E(y) has a smaller error rate than the
estimator from linear approximation although the estimators of the covariance matrices Py,
and Py, have the same error rate. This suggests that discretization methods based on the
UKF would be more accurate than the EKF, which is shown rigorously by Ahn and Chan
(2011).

4. CONCLUSION

We have derived some theoretical properties of the UT and linear approximation. The UT
makes use of some deterministic sigma points in contrast with the Monte Carlo method. In
addition, it does not require calculating the Jacobian matrix unlike the method of linear
approximation. Derivations based on Taylor expansions show that the estimated mean and
covariance matrix from the UT match their true values to more higher order terms than the
method of linear approximation. Thus, the UT is faster than the Monte Carlo and more

accurate than the method of linear approximation.
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APPENDIX A. DERIVATION OF RESULTS FOR THEOREM 1
For simplicity, assume the pdf of the random vector x is symmetric about its mean with
a known mean E(x) and covariance matrix Py, and y = f(x). Assume f is an analytic

function. We also assume that DEf is integrable on € for any non-negative integer k and

there exists Y with finite absolute moment suth that |>"" D% f/il] <Y a.e. on  for all
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m. Replacing ¥ by its Taylor expansion around E(x), we get

2c
y =Wy 4 Z W@y ®
i=1

2c

A 1 1
_ 2 fE - ( E Deo f + ~ D2, )
C+>\f( <X))+2(c+>\); f(E(x)) + x(>f+2! o T
1 & 1
— f(E - <D~i D2, )
f( (X))+2(c+)\); xirf + 51Dz f +
Now notice that )
> DAtf=o,
=1
because x) = —x(¢+J) j =1, ... c. See (Simon 2006) for the details. Therefore,
2c 2c

3= T + 573y 3 P!+ iy 2 (P + P d )

In addition, similar to (Simon 2006), we can obtain

2c

1 1
2(c+ ) 22! xof = ;ZZI M@xkang (%)), (A1)
because X9 = —x(*+) Thus,
y=7/ ZZ Uaxl(?x (B(x))
2’ e (A.2)
1 ~/1_, 1
Similarly,
1 1
B(y) = f(B(x) + 5 BID2) + 1 BIDL) +
It can be easily shown
1 2
_E D 2' kz ZZ M@xkﬁw E(X)>
As a result, we have
E(y) = YD Pir——f(EX)
[Z = 6x 890 ] (A3)
1 4
+ GBI +
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Next, we turn our attention to the covariance structure:

P, =E[(y - E()(y - E))"].
Based on the results obtained so far, we have
Lo
F(BG)) + Dsf + 5 D3f +--- |

~ [#(BG0) + SEDL + GEDL) +--]

= [Dif—l—%Dif—i--'-] - [%E(D?{f)—l-

y—E(y)

1 4
DA+ ].

Then, using the definition of A = {(a,b)|a,b € N} —{(1,1)} where N is the set of natural

numbers,
Py =E[(y — E(y))(y — E(y))"]
-E {(Difjt%D,%er%Dngr...)
— (GEDEN + B + SBDL) +---) )
x {(Dif+%D§f+%D§f+...)
— (%E(D,sz) + %E(Déf) + éE(Dgf) T+ ) }T] (A.4)

2
= E[(Dsf)(Dszf)T] - iE<D§f>E(D§f)T

+B[ Y (DL

(1,5)€A
1 21 27

where all odd-powered terms in the expected value are zero. Here,

E{(Dsf)(Dsf)T] = E [( i ifi 8f(E(X))> <i: @Mﬂ

i=1 Oz; pan O
_alNe N - OF(E)) OF (Ex)T
- i ZC: HlE(iljjJ)H;f = ZC: inPZ]H]T = HPH',
i=1 j=1 i=1 j=1

13



where H is the Jacobian matrix of f(x) and H; is the ith column of H. Now we consider

the approximate covariance matrix, f’y, defined as
2c
P, => WOV -5 -9

2c

A 1 | |
_ ~ (0) 3 ~ (0) 5 T ~ (74) 5 ~ (’L) 5 T.
T =N =9+ 5 2 =Y -y)

=1

Consider - (y(o) —9)(y©@ — 3)7 first. By the Taylor expansion, we get

2c
0 _ 3

5= 1509 = {#860) + 535 3 (P + ko )}

1 1
_2(0—1—)\);(2. X”f+ D of )

y

Thus, we have

A0 ansal0) A
O - 9)F® - 3)"

2c
- s g<2'z>2mf>zl<1mf>
c—i—)\ Z [Qk' (201) 4 c—l—)\ ZCZCDWF’”[ ng“ﬁ]

=1 j=1
A1
= _"E[D?fE[D?
B AIEIDL T
)\ C C
D2k D2€

T [(Zk') 20!) 4 c—i—)\ 522 (Db “)f)]

(k,0)eA i=1 j=1

Next, consider m S22 (yD = 9)(y®@ — §)T. Using (A.1) and the fact that

2(01)\) ;[(Dgu)f)(Di(i)f)T] .y ZZ_C; k: K:l ( )af&xk )( # 3f(8$(€ )))
~\ 0 0f (E(x)) Of(EG))\T
:Ci)‘ilk_1e_1<l(€ oxy, ><£) oxy )
(using fvg-i) = —fécﬂ))
=3 (M) () ene

= E[(D:/)(D=f)"] (By (A3)),
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we can show
1 2c
(@) _ o\ (v@® _o\T
ey ;(y VY —9)

2c

2c

—ﬁ]z;(; x(g>f+ Dx<])f+ >}

{( f+2, x<>f+ Dx<>f+ )

2c

- 2(c1+A) Z (211 x“’f+ P50 f*"')ﬂ (A.6)

= E[(Dsf)(Dsf)"] — (1 + H%) EE[Dif]E[Dif]T

2c

1 1 T
+2(c+>\)z[ > M(Dg“)f)wﬁ(”f)]

i=1 k+¢= even

(k0)eA
-2 S )
Qk' M) 4(c+ 02\ e
2c  2c
xS (DE NN
i=1 j=1
Thus, we have
A 1 2c
P 2 (50 _ o5y 50 _ )T S _ o\ (o) _ T
= a0 =N =9 S FED-9EFY -3)

i=1

= B(D</)(Ds)"] ~ EIDLfBIDL A"

2c

1 1 k ‘
+2(C+/\)¢Z[ Z k,g,(Dmf)(D()f)}

=1 k+/= even
(k) eA

2¢  2c

B Z [m (201) 4 c+/\ ZZD2k>f )(D360.f) }

(k,0)EA i=1 j=1
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Now we consider the covariance matrix Pyy. Then,
P, =E[(x - E(x))(y — E(y))'] = E[(X)(y — E(y))"]
~ofx(0) ]+ X e ls(o2) | (A8)
— PH” + i_o; ﬁE (D) T] .

A

Using x(® = E(x), the approximate covariance matrix, Py, equals

2¢
Poy = c+/\Z | )0 =)
1 2c
= e Z (xu)f)

=1
2c

()<D2k+1 )
Z 2k+1!2c+A)Z %
1 2c T
_pH? ()(D2k+1 > .
* ; (2k; 201N ; %0

APPENDIX B. DERIVATION OF RESULTS FOR THEOREM 2

In this section, |A| indicates the absolute value of A, where A may be a scalar, a vector, or
a matrix. When A is a vector (matrix), |A| is a vector (matrix) consisting of the absolute
values of A’s components. In addition, when “<” is used for a vector (matrix), it implies
that every component of the left vector (matrix) is less than or equal to the corresponding
component of the right vector (matrix). From the Taylor series in Section [A| of Appendix

and Condtion 1 of Theorem 2, we have

Bly) — ¥ = [ £(B( w}jijwa%mb (B() + EIDAA] + -]

=1 j=1
- [ Zzljzlpwﬁx 8% (E(x))
1 2c 1 1
* 2(c+ \) ; (ﬂDimf + an%(j)f“')}
LS 1 e B 1 E 1
; (2i)! s ]_;2@”) ; (2i)! Dl



For 1 < /¢ < g, we have

1 ; 1 ‘L0 N2
‘(2¢)!E[D>2”<f}‘ - (2@')!‘E<;xja—%> fe‘
1 2 i il O fe(E(x)) A.10
S (27’)' lgklzk <92 |:(k17 . >kc> <h M 3x’f1 Oxke >} ( )
= hiaM
Let a; = (a1, ..., a;4). Similarly,

1 &1
D%
2(c+/\)Z(2i)! <o/

C

B c+)\ ; 2i)! (Z' (c+ )P % O, )
:(2@')!;(C+A)i_l< 2 (/ﬁmk)

1<ky,....ke<2i

x (VPry)k - (\/ﬁcj)kCM)

k1 kn,
Oxy - - - Oxk

(A.11)

= hzbz,

where Pj is the (i, j) component of P*. Since ) °) K*/i! is finite, Condition 2 of Theorem

2 implies that all components of Y~ h'a; and > ;o h'b; defined in (A.10) and (A.11)

respectively are finite. Thus, we have

=2

=31 <) W (lai] + [by)) _hZth 2(Ja;| + |b;|) = O(h?). (A.12)
i=2
On the other hand, linearization uses y;, = f(E(x)). It can be similarly shown that

E(y) —yr = O(h). (A.13)
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Now, we turn our attention to Py — lsy. From the results so far, we get

- 1 1 A .
Py~ Py=B[ 3 o DNO] - [ X g BPENEWDE
i4j= even (i,7)EA
(i,7)€A

B 2(ci>\) > [ > j1€ (Di<z>f)(D§<i>f)T]

i=1  j+{¢= even

(j,£)eA
1 2c  2c
* Z [ 26‘ (c—i-)\)?ZZ( x(z)f)(DQ m)f)T].
(4,6)eA i=1 m=1

First of all, we consider the first term E[%(D’ f)(Dg(f)T] where ¢ + j is even. Then, we

have

e[ L] =B X () et 2IERL

T 1<k, ke<i
= i oo e OF(EX) T
- ( Z (kh...,kc)ml Te 3x€1...axﬁc) ‘
Let the ith component of a function f be f;. Then, the (a,b) component of
E[z']l (Dl f)(DZ?f)T] ) E[z']' (-DZ f) (D]if)T] ab, satisfies:

]E[Z, S(DLNWDLDT]

el 2 (o)t g )

1<ky ... ke <i c
1 ] J
X(*l 2 (e ! e)ﬁl”fafb((é)”
J: 1<, 0e<] 1,---5tc (91’ co - Oxle
1 i J kbl ket
— E[_ 1+81 | sketle
‘ il 2 (klk) (el,...,ec)””l Te
1<kt ... ke <i
1010, 0c <) (A.14)
D LlE0) PAE)
Ozt ... Oxke Ozt - - Oxle
BG+)/2 ) fli+9)/2 5 ( ; )( i )
il o bk e
1601, e

0'fo(E(x) & fp(E(x))

Ozt .. Qake Ozt ... Oxte

= WD RE
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Thus, ’E [ﬁ(D;f)(Dif)T] ‘ < h+9)/2R%. Then, we obtain

DY %( L]

1+j= even

e (A.15)
< Z BOTN2RY — |2 Z p+D/2—2Ri

i+j= even i+j= even

(,5)€A (1,5)€A

By (A.10)), the second term satisfies
1 ) :
o [B(DEPE(DZ )|

Y (A.16)
< Z hzal(hzaj)T — h2 Z hiJrj*Qai(aj)T.

(1,5)€A (1,5)€A

Next, let’s consider the third therm 5= JW\) S %(Di(i)f)(Df;(i)f)T where j 4 £ is even.

2c c
1 1 1 .
—E—D{. D¢, T:—E—DZ~ Dt )T
2(C+A) o ]'E'( x(z)f)( x(l)f) c+ A p ]'£'< x(Z)f)( x(l)f)

LS (S Ve LY [ (S e ) o)

<C - )\)(j+é)/2 c [l Z <U1, j ,UC) (\/ﬁli)u1 T (\/Fci)uc

]
¢+ A I 1<ur, ue<i

o f(E(x)) ]
Oxy" - - - Oxle

D S G [ AN e

oz -+ Oxle
1<y, ve <l 1 ¢

Similarly with E [%(Dl f)(Dif)T} , we have

ab

1 2c 1 ‘
e & ke DDk,
=1

R (+6)/2-1 : ¢
_ 1 (+0)/2 (c+X) J
=W Z[ 41! Z Uy .oy Ue) \ VL, U

=1 1<uy,...,uc<j
1<v1,.0,0e <8

* w1 +v1 * Ue+vVe ajfll(E(X)) aefb(E(X))
X (\/Fll) " (\/Fm) " (91:?1 : --8ng (9:671” : -~8x20]

_ 40 14
= pU+ )/QTib'
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Thus, we obtain

2c

2(01 A) Z [ Z ﬁ(Dimf)(Di@)f)T}

i=1  j+l= even

(e)es (A.17)
Z h (i47 /ZTJK h2 Z h (i+7)/2— 2T]€
j+L€= even j+L€= even
(J,0)eA (4,0 eA

For the last term of P, — Py, Z G0 [( )(%,)40+/\)2 Z Z (Di]( )(D,Qfm f)T]> by
(&TT), we have

> e 5 S 0]

(7,)€A — =

) %A [(; (2)!12(c+ X) “f> (; 2012(c + N x<m>f> ] (A.18)
Z hjb hzb = h2 Z Pt 2b

GHEA (J,0eA

Combining (A.15)-(A.18), we obtain

P, — P, = O(h?), (A.19)
where Condition 2 of Theorem 2 implies that all components of Z’*d})ékf“ Rt/ 2R Y (i.j)EA
> jtt= even RUFTO/2TIE and D ()eh hit¢=2b;(b,)T are finite. By (A.10), we have

(4,0)eA
1
ZE[szﬂE[D)%f]T = h’ay(ar)”.
In linearization, 15% . = HP,H”. Thus, it can be similarly shown that
P, — P, = O(h?). (A.20)
Now, we know
- 1 El% D2i+1 T - 1 1 = ]) D21+1 T
= @t B =X araeen 25 (06)
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‘ T
We consider mE[i (Df{“ f) } first.

ﬁE[i<D§H1f> T]
5 ' g OPTH(EX)NT
- (2¢i1)!E[x(1§k17_§§2i+l <k12l+1k:)x’f e 81»’{71...3;(1:(;) }

As before, we can obtain

armieeE) ],

Y gz 2041\ p ok OPTA(ERX)
:(2i+1)!‘E[x“ ZQ 1<k1,...,kc)x’f e axlfl...axléc”

1<ky,. ke <2i+
- ;‘E[ Z ( 20+1 )ijlﬂ.._(%kaﬂ”.jkca%—s—lfb(E(X))}‘
@i+ L A Rk a ¢ 9xM . Ok
o hrtmt 3 ( %+ 1 > ‘62i+1fb(E(x)) ]
@i+t ki, ke )V oakt .. ke

ki,...,ke<2i+1

— pit+l
=h Ui,ab-

Thus, we get

-1 o(p2+ie) T TIEESPE o P
i S A NIED SRR W

Furthermore,

2c

[(2@ i il 2(;“) >_x0 (05! )T} -

j=1

hi+1 (C+)\)i+1 ¢ -
T2+ e+ A 2 _(VP'e)

N () )y

1<k, ke<2ig1 N Lo e Oy Ox}
_ it
=h ‘/i,ab-

Thus, we have

00 2c

1 1 T & <
E () 2i+1 _ ity 1,2 i—1ys
(2¢+1)!2<c+A>ZX]<Di<ﬂ > —Z“h Vi=h Z“h Vi

J=1
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Therefore, we obtain

[Pyy — ny| - ‘ i (2i i 1)!E[X<D’2~‘i+lf):r]
i=1
2c

- 1 1 L ; T
- Zl (2i +1)12(c+ \) > =0 (2f) ‘ (A.21)

j=1

<K RTHU Vi) = O(k),

i=1
where Condition 2 of Theorem 2 implies that all components of Y o= AU, and > 5| "1V,
defined in 1} are finite. In linearization, f’xy, r, = PyHT. Thus, it can be similarly shown
that

Py = Payrl <D WU = O(R). (A.22)

i=1
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